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Abstract

Let T be atwo dimensiona algebraic torus over an agebraically closed field 2. Then P’ has a non
trivia action of T and becomes atoric variety. Let E be atorus equivariant vector bundle on P’. Since the
restriction of an equivariant vector bundle to an affine toric variety istrivia, we can find the semi-invariant
bases. These bases and patching data make numerical data. | have aready classified equivariant vector
bundles on anon-singular toric variety using these numerical data. In this paper we study non trivial equi-
variant vector bundles of rank three on P’. Numerical data are good for caluculations by a computer. So |
have tried to caluculate these numerical data by a computer and | have gotten the result of this paper.

§ 0 Torusequivariant vector bundles

Let N be afree Z-module of rank 2. Let M be the dual Z-module of N. Then there is a natural
Z-bilinear map

(,):MxN —Z.

It can naturally be extended to Mg x Nr — R, where Mz = M®zR and Nr = N®zR. We denote
@ (&)=(&p) forE inMr and ¢ in Ng. Let T= Ty bean n-dimensiona algebraic torus defined by N over
an agebraically closed field 2. Then we can identify M with the additive group of charactersof 7. Let
the exponential map e: M — k& (T')* be the homomorphism which sends & in M to the corresponding ra-
tional functione(é) onT.

We call a non-empty subset C of Nr a strongly convex polyhedral cone with apex at 0 or simply a
cone, if Cn(—C)={0} and if there exists afinite subset {¢;,...,¢,,} of Nr such that C = Rop, +---+Rogp,,
where Ry denotes the set of non-negative real numbers. Let the dimension of C be the dimension of the
R-vector spaceC+(—C).

A non-empty subset C” of aconeC iscalled afacia coneof C if there exists an element & of M such
thatg (£)=0forale inC andthat C' ={p  Cl ¢ (&)= 0].

By afan X in N ismeant afinite set of conesC in Nr such that

(i) if C" isafacia coneof C inX thenC’ isadsoaconein X,
(ii) if C and C’ aretwo conesin X' then the intersection Cn C’ is afacial cone of C as well as of
C’.

For afan X, thetoric variety X = X (X) is constructed by gluing the affine toric varieties Uc where C
inX.
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A toric variety is an algebraic variety X over £ endowed with an action of 7 and which has a dense
orbit. Normal effective toric varieties under torus action have been classified.

DEFINITIONO.O.  An equivariant vector bundle £ on anon-singular toric variety X such that there
exists an isomorphism f: : t*E — E for every k -rational point¢ in 7 wheret : X — X is the action of ¢

onX.

DEFINITIONO.O. An equivariant vector bundle E=(FE, f;) is said to be T -linearized if
f& = fiot*fs holdsfor every pair of % -rationa pointss, ¢ inT, where

fo=fiot'f(st)E S ETSE.

1100 we showed that an equivariant vector bundle necessarily has a T -liniarization. We also stud-
ied how to describe 7" -linearized vector bundle in terms of fans, aswe now recall. Let X' be afan of N and
we denote X (/) bethe set of an-dimensional cones. For C in X (), there exists afinite subset {¢;,...,o, }
of N and C = Rog, +---+Rogp; where Ry isthe set of non-negative real numbers. We say that {¢,...,0;} is
the fundamental system of generatorsof C if ¢; (1 <i <) are primitive. The fundamental system of gen-
erators {g,...,p;} of C isuniquely determined by C and is denoted by |C|. We consider the following:

(i) m A{ICl|ICeX(1)}— Z°"
sending ¢ tom ()= (m (¢),,....m (¢),), and thereisamap for every C in X (n),
me :|C|l— Z°"
so that there exists a permutation 7 = z¢ such that
me (@)= (WlC (@)1,esic (60);») :(7”4 (§0)r(1>y-~-,m (40)1(;»))
forevery ¢ in|C|.
Let C bean#n-dimensional conein X (»). Then we have a set of characters {€ (C),,....6 (C),} inM
by solving the equations ¢ (£ (C);)=mc (¢); for every ¢ in |[C|(1<i<7). Thenitiseasy to see that
(i) isequivaent to the following:

(i) & :X(n)— Me°"

sending C to £(C)=(£(C),,..,£(C),) such that there exists a permutation 7 = z¢cc for every pair of
conesC andC’ in X (n) sothate (£ (C);)=¢ (£(C").;)) foreveryi andevery ¢ in[C|n|C’].

(i) P:X(n)xX(n)— GL- (k)
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sending (C, C’) to P(C, C’):(P(C, C’),.j) such that (4, j)-component P (C, C’); # 0 only if
9 (E(C);)=@(£(C);) forevery ¢ in|C|N|C’| and that

P(C C)P(C’,C")=P(C, C")
foreveryC, C’, C”inX (n).
For adata (m, P) defined by (i) and (ii), we denote by E (m, P) the T -linearized vector bundle ob-
tained from the data (2, P). Now we consider the condition that two vector bundles E (m, P) and

E (m’, P’) areT -isomorphic. We can describe these condition using these data.

(i) Two pairs (m, P) and (m’, P’) defined by (i) and (ii) are said to be equivalent if there exists a
permutationz = rc for every C in X (n) such that

(mc (9)1yeeemc (@),)= (1 (@) eyt "c (@)
for every ¢ in |C| and if there exists
6:%(n)— GL (k)
such that (7, j)-componenta (C), # 0 only if ¢ (€ (C);)= ¢ (£ (C);) for every ¢ in |C| and such that
P'(C, C)=0a(C)'P(C, C")a(C)
hold for every C andC’ in X (n).
THEOREMO.O. Let X=X (X') be a smooth complete toric variety defined by afan X'. Then the

set of T -linearized vector bundle of rank » up to T -isomorphism corresponds bijectively to the set of (i)
0 or ()0 and (ii) up to equivalence (ii).

§ 0 Equivariant vector bundleson P’
Let X = P? be atwo dimensional projective space. This has a natural two dimensional torus 7" action

and it becomes atoric variety. At first we consider equivariant vector bundles of rank O on P2.

DEFINITIONO.O. LetE=FE (a, b, c) beavector bundle defined for positive integers a, b, ¢ by
the following exact sequence,
0—> Op: —> Op: (@) ® Op: (0) @ Op (¢)— E (a, b, ¢)— 0.

The map £ is defined by sending O to (X,', X/, X, ) where (Xo, X1, X:) is the homogeneous coor-



m| Tamafumi Kaneyama

dinates of P2.

Thisvector bundle E (a, b, ¢) for positive intergersa, b, ¢ is an indecomposable equivariant vector
bundle of rank(] on P2. We can calculate the data (2, P) of the equivariant vector bundle E (a, b, ¢).

THEOREMO.O. Let E be an indecomposable equivariant vector bundle of rank[] on P2. Then E is
isomorphicto £ (a, b, ¢)® Op: (1) for someinteger » and positiveintegersa, b, c.

From now on, we consider the equivariant vector bundles of rank(] on P2. Let {¢,, ¢.} be aZ-base
of N and put o = — 1 — 92 and

C =Rog: +Rogs, C" =Rop; +Ropy, C” = Rogo+ Rog;.

Let X be a fan defined by {¢o, 1, @2}, then X (2)={C, C’, C”}. This fan X defines the toric
variety P2, Put
me (p1)=me (¢1)= (a1, az, as),
me (@2) = me (92)= (b1, b2, b3),
(o)

mc’ c1, €2, C3)
me- (@)

?0)=(
po)=(dy, d2, d3).

wherea;, bi, ¢i, di (i=1, 2, 3) areintegers and the two sets {c1, ¢z, ¢;} and {d1, d», ds} are the same
set. Now we caculate the matrices P (C’, C), P (C, C”), P(C’, C”) such that the corresponding equi-
variant vector bundle is indecomposable. We have gotten the following table in which the first line means
the order of (a1, a2, as), (b1, b2, bs), (c1, ¢2, ¢3) and (di, ds, ds) suchthat s, m and [ (s<m <)

mean the order of them and the second line means the matrices P (C’, C),P(C, C”),and P (C’, C").

THEOREMO.O. Let E=F (m, P) for the data (m, P) be an indecomposable equivariant vector
bundle of rank three on P2. Thenthedata (i, P) isone of the following table.
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Next we caluculate the data such that the equivariant vector bundle E is decomposed into £ = L& F
where L isaline bundle and F is an indecomposable vector bundle of rank two. Then we have gotten the
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following theorem.

THEOREMO.O. Let E=E (m, P) for the data (m, P) be an equivariant vector bundle of rank
three on P?. Suppose that £ decomposesinto £ = L® F where L isaline bundle and F' is an indecom-
posable vector bundle. Then thedata (12, P) isone of the following table.
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