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Abstract
We characterize systems of parameters of aformal power seriesring by their Jacobian determinants.
Introduction

Jacobian determinants appear in many areas of mathematics and play important roles. Commutative ring
theory is not an exception. In this paper R denotes a formal power series ring k(1] X3, X, ..., XdIJover a
field k of characteristicl] and m denotes the maximal ideal of R. A subsdfl f;, ..., faOof miscalled a system
of parametersof Rif RO f, f, ..., f{disafinite dimensional vector space over k. The purpose of this paper
isto characterize a system of parameters of R by its Jacobian determinant with respect to x;, x,, ..., Xa.

Preliminaries

We begin with recalling the definition of a Jacobian matrix and a Jacobian determinant. Letf;, ..., ffER
thenther x d matrixd ofi0 Ox0is called the Jacobian matrix of f, ..., f. with respect to x, ..., Xa and def] 0
fil Ox;0is called the Jacobian determinant of f, ..., f; with respect to x, ..., xs. We refer the reader td1 MO
for fundamental properties of Jacobian matrices and determinants.

Lemmal. If f;, ..., fs form a system of parameters of R therll f, ..., f{0miO £, ..., fs defl 6fi0 Ox[1]
where def] of1x;0is the Jacobian determinant of f, ..., fs with respect to x, ..., X« and detd ofil Ox, ] f,
.., fd

Proof. Seél K[J AppendicesF.

Lemmall. Let Q be an m-primary ideal of R which is not a complete intersection. For any system of
parametersf;, ..., fls€Q of R we have def] ofil Ox,=Q.

Proof. Sincél f, ..., fadis an m-primary ideal of R and1 f;, ..., fad& Q there is an integer n such that
m™Qd f,, ..., fldand M"QAI f,, ..., fs0 Take an element a=m"Q such that adkl f,, ..., fad Then maC
Of, ..., fad Thereforél f, ..., f.OmMON QD f;, ..., foO#1. By Lemmall[ f, ..., fm f;, ..., fddisavec-
tor space of dimension( over k. HencéTlf,, ..., fOmONQMO f, ..., fdf;, ..., fOmD f,, ..., fdd By
Lemmall , we have def] ofil ox,(0= Q.

Characterization of complete inter section.

The following theorem is the main result of this paper.
Theorem. If f;, ..., fe«=m satisfy def] ofil Ox,[KE] f, ..., fathen 5, ..., fa form a system of parameters
of R.
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To provethistheorem we need three more lemmas.

Lemmal. Let QT g, ..., gs0be an m-primary ideal and f;, ..., fs=Q. If defd ofil Ox;KEQ then QO
of, ..., f.d

Proof. We canwritefi0 a;g:0 ...0O0 ay0¢. By differentiating with respect to x, ..., X« we have
Ofil Ox=ay;0g:0 0% ... ayAgdl Ox« mod Q.

Then, we get det] o1 Ox, 0= défl a;,[défl dgl dx;Cimod Q.
If def] a,(&=m then detd of10x,E=Q, by Lemmall. Therefore, if def] of 0x,[#=Q we have det] a;,(=m.
Hence, the matrixd a;Uis invertible and therefore QLTI f, ..., full

Lemmall. Let pbeaprimeideal of R such that p#m and let KO RJ#Re. If htp r and X.og, ..., Xs form
asystem of parameters of RIP therl] R,(E KO 4, ..., y.[Dandd 61, ..., 010xI1 0 dys, ..., 18y.0A
for some invertible matrix A ovefl R,[Jwheré] R,(Jisthe completion of R;.

Proof. 00 dx: can be extended to a K-derivation of ] R,L1 We can write 00 9x:.0 &:000y-0 ... ad0 dy:
for some a;<£] R, Since dx1 dxi d;; the matrix ALL] a;Uisinvertible.

Lemmall. Let qbeaprimary ideal suchthat /' q #m. If f, ..., f«£qthen def] 8f10x0=q.

Proof. Let pd v q. We separate two cases.
Casell. gR,isacompleteintersection. If htpd r then there are y, ..., y.&p such that pR,[T] ¥, ..., V:[R;.
Then the pR;-adic completiori] R;[lis isomorphic to KT v, ..., y.[T0where KO ROpR,. We can choose X,
..., Xa SO that Xiog, ..., X« form asystem of parameters of ROp.
Then, for 1=j=r, the k-derivation 90 0x; can be extended to a K-derivation of KII y, ..., y:,[T1 Suppose
0. Then by Lemmall,
Of, ..., fiRO qR,.
Thereis an s&R-p such that
sl £y, ..., fOfor rO00=j=d.
Then s* " def] ofi1 0x,C=1 mod q.
Thisimplies def] ofi1 9x,[¥=q, acontradiction.
Therefore det] ofi1 Ox;J=q in this case.
Casell. gR; isnot acomplete intersection.
We choose generators ¢, ..., g» of § R,(ko that any r of g, ..., g. form a system of parameters of 1 R[]
h, ..., hrisasystem of parameters of] R,Ctontained in dJ R;[]
By Lemmall, we have def] ofl 0x,[=q.
Now we can prove Theorem(.
Proof of Theorem.
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Suppose that htd f;, ..., fO<d.
111, ..., fld qN...qn N Qisaprimary decomposition of ] f, ..., fil] where Q is primary to m then detd 9
fil ox0=gd 1=k=m0Oby Lemmal] and, by Lemmal] and Lemmal] we have def] ofi] ox,E=Q.

Corollaryd. Let fEnt. Then RIfR has an isolated singularity if and only if the Hessian defd d'f0 0.0
x;0is not contained ind of0 0%, ..., Of0 Ox.Ol
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